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Abstract
We discuss manifestly SL(2, C) × SU(4) and κ invariant superstring action
in AdS5 × S5 background in the framework of Green-Schwarz formulation. The
action is formulated in terms of 16 Poincare´ fermionic coordinates which through
AdS/CFT correspondence should represent N = 4 SYM superspace and 16 su-
perconformal fermionic coordinates. The action is also manifestly invariant with
respect to the usual N = 4 Poincare´ superalgebra transformations. κ-symmetry
gauge fixing and the derivation of light-cone gauge action is simplified.
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1 Introduction and summary of result
Motivated by the conjectured duality between the string theory and N = 4, 4d SYM the-
ory [1] the Green-Schwarz formulation of strings propagating in AdS5×S5 was suggested
in [2] (for further developments see [3–6]). Alternative approaches based on exploiting
twistor like variables can be found in [7–9]. Recently some progress in understanding
light-cone gauge formulation has been achieved in [10, 11]. The action found in [10, 11]
in the particle limit describes massless states of IIB supergravity and therefore it can be
used to discuss sector of short fundamental strings. Alternative gauge fixed action found
in [4–6], so called S-gauge action, describes sector of long strings [12, 13]; this action is
suitable for discussion of various BPS configurations of AdS superstrings.
The original action of superstrings in AdS5×S5 [2] being realized as sigma model on
coset superspace PSU(2, 2|4)/SO(4, 1)× SO(5) has manifest symmetry with respect to
SO(4, 1)×SO(5). An interesting phenomenon discovered in [6, 10] is that after imposing
κ-symmetry gauge the resulting action can be cast into manifestly SU(4) invariant form.
This fact while being expected for the bosonic part of action, surprisingly turns out to
be also a feature of the fermionic sector of the GS action.
Here we would like to demonstrate that that not only gauge fixed actions have SU(4)
invariant formulation but the original κ-symmetric GS action [2] can be put into a
manifestly SU(4) invariant form. To derive κ and manifestly SU(4) invariant superstring
action in the framework of GS formulation is desirable for several reasons. Such κ-
invariant action can be used to study interaction of superstring with D3 brane. As
is well known, κ-symmetry plays defining role and can be used to fix interactions of
superstring ending on D3 brane. The formulation we develop is based on splitting
fermionic coordinates into θ and η. The variables θ represent the odd part of N = 4
Poincare´ superalgebra superspace and they can be responsible for the description of
boundary N = 4 SYM theory. The η are superconformal fermionic coordinates and they
have nonlinear dynamics (even light-cone action involves terms of fourth degree in η).
Because N = 4 SYM theory respects manifest SU(4) invariance it is desirable to put
superstring action into manifestly SU(4) invariant form from the very beginning, i.e. at
the level of κ-invariant action.
The superstring Lagrangian is formulated in terms of 10 bosonic coordinates (xa, ZM),
(xa are 4 coordinates along boundary directions, while ZM represent one AdS radial
coordinate and five coordinates of S5) and 32 two fermionic coordinates (θai , θ
a˙i, ηi
a
, ηa˙i )
which transform in (anti)fundamental representations of SU(4) with respect to indices
i and one-half representations of sl(2, C) with respect to indices a, a˙. The Lagrangian is
given by the sum of kinetic Lkin and Wess-Zumino terms
L = Lkin + LWZ , (1.1)
Lkin = −1
2
√
ggµν(Lˆab˙µ Lˆνab˙ +
1
Z2
DµZ
MDνZ
M) , (1.2)
fLWZ = i|Z|−2dθa˙iZijdθja˙ +
∫ 1
0
dt
[
2|Z|−1Lˆab˙ηi
a
ZijL
j
Qb˙
+ iηaiDZijL
j
Sa
]
+ h.c. , (1.3)
1
where the 2d metric gµν , µ, ν = 0, 1 has signature (−,+), g ≡ −detgµν . We use the
notation
Zij ≡ ρMij ZM , |Z|2 = ZMZM , M = 1, . . . , 6 (1.4)
f = 2
√
2 . (1.5)
The ‘covariant’ derivative DZM is defined by
DZM = dZM − 1
2
(
dθai (ρ
N ρ¯M)ijη
j
a
+ ηa˙i (ρ
M ρ¯N )ijdθ
j
a˙
+ iLab˙
P
η
b˙i(ρ
MN)ijη
j
a
)
ZN , (1.6)
where the ρM = (ρM)ij , ρ¯M = ρMij are 4 × 4 SO(6) γ matrices in chiral representation,
and ρMN ≡ ρ[M ρ¯N ], ρ¯M = ρM† (see Appendix A). The Lˆab˙ are bosonic left invariant
Cartan 1-forms while La
Qi and L
i
Sa
are the fermionic ones. They are given by
Lˆab˙ = Lab˙
P
− 1
2
Lab˙
K
, Lab˙
P
= |Z|−1Lab˙
P
, Lab˙
K
= |Z|Lab˙
K
, (1.7)
L
ab˙
P
= dxab˙ − i
2
(θai dθ
b˙i + θb˙idθai ) , (1.8)
L
ab˙
K
=
i
2
ηaidηb˙i +
i
12
(dθci −
i
4
L
cd˙
P
η
d˙i)(5η
j
c
ηai − ηi
c
ηaj − ηdiηj
d
δa
c
)ηb˙j + h.c. , (1.9)
L
a˙i
Q
= dθa˙i − iηi
b
L
ba˙
P
, La
Qi = dθ
a
i − iLab˙P ηb˙i , (1.10)
L
ai
S
= dηai+
1
4
(dθcj −
i
3
L
cd˙
P
η
d˙j)(η
j
c
ηai− 3ηi
c
ηaj + ηdjηi
d
δa
c
) +
1
2
(dθc˙i− i
3
ηi
b
L
bc˙
P
)ηc˙jη
aj . (1.11)
Their world-sheet projections are defined as usual by L = dσµLµ. Hermitean conjugation
in (1.9) should be supplemented by a ↔ b. The xab˙ is expressible in terms of the
coordinates xa as
xab˙ =
1√
2
(σa)ab˙xa , (1.12)
where (σa)ab˙ are 2 × 2 SO(3, 1) γ matrices in chiral representation (see Appendix A).
Note that in expressions for Lˆab˙, Li
Qa˙
, Li
Sa
, DZM in LWZ (1.3) the η should be shifted
η → tη. In (1.3) the products of 1-forms, say L1 and L2, should read as ǫµνL1µL2ν .
The above action corresponds to the “4 + 6” choice of conformally flat coordinates in
AdS5 × S5 space
ds2 =
1
Z2
(dxadxa + dZMdZM) . (1.13)
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Here and below we set the radius of AdS5 and S
5 to 1. We finish this discussion with
few remarks.
(i) The Lagrangian (1.1) is manifestly invariant with respect to SL(2, C)× SU(4).
(ii) The dependence on boundary coordinates is through their derivatives dxa, i.e.
the invariance with respect to boundary Poincare´ translations is manifest.
(iii) The Lagrangian depends on Poincare´ fermionic coordinates θ either through their
derivatives dθ or fermionic 1-forms Lab˙
P
. Because both of these quantities are invariant
with respect to N = 4 Poincare´ supersymmetries
δθa˙i = ǫa˙i , δθai = ǫ
a
i , δx
ab˙ =
i
2
(ǫai θ
b˙i + ǫb˙iθai ) , (1.14)
the Lagrangian is also manifestly invariant with respect to N = 4 Poincare´ supersym-
metry.
(iv) The Lagrangian is manifestly invariant with respect to dilatation symmetries
which are realized as follows
δxab˙ = eλxab˙ , δZM = eλZM , δφ = −λ , δθ = eλ/2θ , δη = e−λ/2η . (1.15)
(v) The Lagrangian involves terms of 4th degree in θ and 8th degree in η. Maximal
degree of fermionic coordinates appearing in Lagrangian is equal to 12.
(vi) The S gauge fixed action is obtainable by setting η = 0. In this gauge we have
Lab˙
K
= 0, Lai
S
= 0, DZM = dZM . With these relations we get immediately the S gauged
action [5, 6, 10] in the form given in [10] (see formulas (C.12), (C.14) in Ref. [10]).
(vii) Light-cone gauge fixed action of [10] is obtainable by setting
θ2i = θ1i = θ
2˙i = θi1˙ = η
2i = ηi1 = η
2˙
i = η1˙i = 0 , (1.16)
θ1˙i = −θi2˙ = −θi , θ1i = θ2i = −θi , η1i = ηi2 = ηi , η1˙i = −η2˙i = ηi . (1.17)
Note that due to index raising and lowering rules (A.5) and Hermitean conjugation rules
(θai )
† = θa˙i , (θai)
† = −θi
a˙
, (ηai)† = ηa˙i , (η
i
a
)† = −ηa˙i , (1.18)
only one quarter of the relations (1.16),(1.17) are independent. In light-cone gauge all
bilinear expressions for fermions with contracted sl(2) indices are equal to zero, e.g.,
θai θaj = 0 , η
iaηj
a
= 0 , θai η
j
a
= 0 . (1.19)
Note that due to this rule the first and the last terms in LWZ (1.3) are equal to zero.
Taking into account that in light-cone gauge L22˙
K
= L12˙
K
= L21˙
K
= L2i
S
= L2˙
Si = 0 and the
relation between sl(2) and light-cone notation
x11˙ = x− , x22˙ = −x+ , x12˙ = x¯ , x21˙ = x , (1.20)
(see Appendix A) and making field redefinitions
ηi →
√
2|Z|−1ηi, ηi →
√
2|Z|−1ηi, xa → −xa , (1.21)
3
we get from (1.2),(1.3) the superstring kappa symmetry light-cone gauge fixed action
found in [10]
Lkin = −√ggµνZ−2
[
∂µx
+∂νx
− + ∂µx∂ν x¯+
1
2
DµZ
MDνZ
M
]
− i
2
√
ggµνZ−2∂µx
+
[
θi∂νθi + θi∂νθ
i + ηi∂νηi + ηi∂νη
i + iZ−2∂νx
+(η2)2
]
, (1.22)
LWZ = ǫµν |Z|−3∂µx+ηiρMij ZM(∂νθj − i
√
2|Z|−1ηj∂νx) + h.c. , (1.23)
where in light-cone gauge (1.16),(1.17) the covariant derivative (1.6) reduces to
DZM = dZM − 2iηi(RM)ijηjZ−2dx+ , RM = −1
2
ρMNZN . (1.24)
(viii) By applying phase space GGRT [14] approach based on fixing diffeomorphisms
by x+ = τ , P+ = p+ = const, where P+ is a canonical momentum, the Lagrangian can
be put into the form found in [11]
L = P⊥x˙⊥ + PM Z˙M + i
2
p+(θiθ˙i + η
iη˙i + θiθ˙
i + ηiη˙
i)
− 1
2p+
[
P2⊥ + P2M + |Z|−4(x´2⊥ + Z´2M) + |Z|−2(p+2(η2)2 + 4ip+ηRMηPM)
]
+
[
|Z|−3ηiρMij ZM(θ´j − i
√
2|Z|−1ηj x´) + h.c.
]
(1.25)
where x⊥ = (x, x¯), x˙ = ∂τx, x´ ≡ ∂σx. P⊥ = (P, P¯) and PM are canonical momenta
for (x¯, x) and ZM respectively. The interesting feature of this Lagrangian is that the
squares of the AdS5 and S
5 momenta enter exactly as in the flat space case. This implies
that solution to phase space light-cone gauge equations of motion of bosonic particle in
AdS5 × S5 takes the same form as in flat space
P⊥ = P⊥0 , x⊥ = x⊥0 +
P⊥0
p+
τ , PM = PM0 , ZM = ZM0 +
PM0
p+
τ , (1.26)
where the variables carrying subscript 0 are initial data. An intersting feature of this
solution is that as compared to the one discussed in [12] our solution does not in-
volve trigonometric functions. This simplification is due to (i) choice of conformally
flat parametrization of AdS5 × S5 background; (ii) fixing diffeomorphisms by light-cone
gauge [11]. Note that in the case of bosonic particle such simple solution can be also
reached by choosing covariant gauge on world line vielbein e = |Z|−2 which is similar
to the conformal gauge suggested for the string in [15]. Taking this into account we
conclude that at least in particle approximation the conformally flat coordinates (1.13)
are most suitable for analysis of AdS string dynamics.
In the rest of the paper we expalain the procedure of derivation of the manifestly
SL(2, C) × SU(4) action from the original superstring action [2] which has manifest
SO(4, 1)× SO(5) invariance.
4
2 Superstring action in so(4, 1) ⊕ so(5) and sl(2, C) ⊕
su(4) bases
Superstring Lagrangian inAdS5×S5 [2] in so(4, 1)⊕so(5) basis of psu(2, 2|4) superalgebra
has the same structure as the flat space GS action [16, 17]
L = Lkin + LWZ , LWZ = d−1(iH) , (2.1)
where the kinetic term of the AdS5 × S5 GS action Lkin and the WZ three form H are
expressed in terms of the Cartan 1-forms and have the following form in the so(4, 1)⊕
so(5) basis [2]
Lkin = −1
2
√
ggµν(LˆAµ Lˆ
A
ν + L
A′
µ L
A′
ν ) , (2.2)
H = sIJLˆAL¯IγALJ + isIJLA′L¯JγA′LJ , (2.3)
where sIJ = diag(1,−1), I, J = 1, 2 and L¯I ≡ LICC ′. The γA and γA′ are SO(4, 1) and
SO(5) Dirac γ matrices respectively while C and C ′ are appropriate charge conjugation
matrices. The left invariant bosonic Cartan 1-forms LA, LA
′
and fermionic ones LI are
defined by decomposition
G−1dG = (G−1dG)bos + L
IαiQIαi , (2.4)
where G is a coset representative of PSU(2, 2|4) group and the restriction to the bosonic
part is
(G−1dG)bos = Lˆ
APˆA +
1
2
LˆABJˆAB + LA
′
PA
′
+
1
2
LA
′B′JA
′B′ . (2.5)
The generators PˆA, JˆAB, and PA
′
, JA
′B′ are translations and rotations generators for
AdS5 and S
5 respectively, while QI are fermionic generators (see Appendix B). The
remarkable property of so(4, 1) ⊕ so(5) basis is that it is this basis that allows one to
present the AdS5 × S5 GS action and κ symmetry transformations in the form similar
to the one in the flat space (see [2]).
Our present goal is to rewrite the action in the sl(2, C) ⊕ su(4) basis. To do that
we shall use the conformal algebra and su(4) notation. We introduce the Poincare´
translations P a, the conformal boosts Ka, the dilatation D, so(3, 1) Lorentz algebra
generators Jab and su(4) generators J ij by relations
P a = Pˆ a + Jˆ4a , Ka =
1
2
(−Pˆ a + Jˆ4a) , D = −Pˆ 4 , Jab = Jˆab , (2.6)
J ij ≡ − i
2
(γA
′
)ijP
A′ +
1
4
(γA
′B′)ijJ
A′B′ . (2.7)
In conformal algebra notation we have the following decomposition
(G−1dG)bos = L
a
P
P a + La
K
Ka + LDD +
1
2
LabJab + LijJ
j
i . (2.8)
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Comparing this with (2.5) and using (2.6), (2.7) we get interrelation of Cartan 1-forms
in so(4, 1)⊕ so(5) and conformal bases
Lˆa = La
P
− 1
2
La
K
, Lˆ4a = La
P
+
1
2
La
K
, Lˆ4 = −LD , LA′ = − i
2
(γA
′
)ijL
j
i , (2.9)
Lij =
i
2
(γA
′
)ijL
A′ − 1
4
(γA
′B′)ijL
A′B′ . (2.10)
Using these representations for Lˆa, LD, L
A′ allows us transform kinetic term to conformal
algebra notation. In what follows we prefer use the sl(2, C) notation instead of the
so(3, 1) one. To this end we introduce generators in sl(2) basis
P
ab˙
=
1√
2
(σa)
ab˙
P a , K
ab˙
=
1√
2
(σa)
ab˙
Ka , (2.11)
Jab =
1
2
(σab)abJ
ab , J
a˙b˙
= −1
2
(σ¯ab)
a˙b˙
Jab , (2.12)
and corresponding bosonic sl(2) Cartan 1-forms
Lab˙
P
=
1√
2
(σa)ab˙La
P
, Lab˙
K
=
1√
2
(σa)ab˙La
K
, (2.13)
Lab =
1
2
(σab)abLab , La˙b˙ = −1
2
(σ¯ab)a˙b˙Lab . (2.14)
Transformation of supergenerators and fermionic Cartan 1-forms to sl(2)⊕ su(4) basis
may be found in Appendix B. In the sl(2)⊕su(4) notation Cartan 1-form are obtainable
from the decompositon
G−1dG = Lab˙
P
P
ab˙
+ Lab˙
K
K
ab˙
+ LDD +
1
4
(LabJab + L
a˙b˙J
a˙b˙
) + LijJ
j
i
+ La
QiQ
i
a
− La˙i
Q
Qa˙i + L
ai
S
Sai − La˙SiSia˙ , (2.15)
where Q and S are Poincare´ and conformal supercharges respectively, while LQ and LS
are appropriate fermionic Cartan 1-forms (for details see Appendix B). The kinetic term
and WZ three form take then the form
Lkin = −1
2
√
ggµν
(
Lˆab˙µ Lˆνab˙ + LDµLDν + L
A′
µ L
A′
ν
)
, (2.16)
H = HqAdS5 +HqS5 − h.c. , (2.17)
where AdS5 and S
5 contributions in WZ tree form are given by
fHqAdS5 = 2iLˆab˙LiSaC ′ijLjQb˙ + LD(
1
2
Lai
S
C ′ijL
j
Sa
+ La˙i
Q
C ′ijL
j
Qa˙
) , (2.18)
fHqS5 = LaiS (C ′L)ijLjSa − 2La˙iQ (C ′L)ijLjQa˙ . (2.19)
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We use the notation
(C ′L)ij ≡ C ′ikLkj , (2.20)
where C ′ij is a charge conjugation matrix of SO(5) Dirac γ matrices, γ
T
A′ = C
′γA′C
′−1.
Note that LA
′
is expressible in terms of Lij due to last relation in (2.9). The formu-
las (2.15)-(2.19) give description of AdS5 × S5 superstring action in conformal algebra
notation. They are conformal counterpart of so(4, 1) ⊕ so(5) representation given in
(2.2)-(2.4).
3 psu(2, 2|4) superalgebra and Cartan forms in
sl(2)⊕ su(4) basis
To find superstring action in sl(2)⊕su(4) basis we need commutation relations and Car-
tan 1-forms in this basis. In this basis bosonic part of psu(2, 2|4) superalgebra consists
of Poincare´ translations P
ab˙
, conformal boosts K
ab˙
, dilatation D, Lorentz algebra gen-
erators Jab, Ja˙b˙ and su(4) algebra generators J
i
j . We adopt the following commutation
relations between bosonic generators
[P
ab˙
, K
cd˙
] = ǫacǫb˙d˙D +
1
2
(ǫacJb˙d˙ + ǫb˙d˙Jac) , (3.1)
[Jab, Jcd] = ǫbcJad + 3 terms , [J
i
j, J
k
n] = δ
k
j J
i
n − δinJkj , (3.2)
[D,P
ab˙
] = −P
ab˙
, [D,K
ab˙
] = K
ab˙
, (3.3)
[P
ab˙
, Jcd] = ǫacPdb˙ + ǫadPcb˙ , [Kab˙, Jcd] = ǫacKdb˙ + ǫadKcb˙ . (3.4)
Note that because Jab is symmetric in a, b the remaining three terms in the first com-
mutator in (3.2) are obtainable by symmetrization in a, b and c, d. Fermionic part of
psu(2, 2|4) superalgebra consists of Poincare´ supergenerators Qi
a
, Qa˙i and conformal su-
percharges Sai, S
i
a˙
. Commutation relations between bosonic and fermionic generators
take the form
[Jab, Q
i
c
] = ǫbcQ
i
a
+ ǫacQ
i
b
, [J ij, Q
k
a
] = δkjQ
i
a
− 1
4
δijQ
k
a
, (3.5)
[Jab, Sci] = ǫbcSai + ǫacSbi , [J
i
j, Sak] = −δikSaj +
1
4
δijSak , (3.6)
[D,Qi
a
] = −1
2
Qi
a
, [D,Sai] =
1
2
Sai , (3.7)
[Sai, Pbc˙] = −iǫabQc˙i , [Qia, Kbc˙] = iǫabSic˙ . (3.8)
Anticommutation relations between fermionic generators take the form
7
{Qi
a
, Q
b˙j} = iPab˙δij , {Sai, Sjb˙} = −iKab˙δ
j
i , (3.9)
{Qi
a
, Sbj} = (1
2
ǫabD +
1
2
Jab)δ
i
j + ǫabJ
i
j . (3.10)
Remaining nontrivial (anti)commutators can be obtained from the above ones via Her-
mitean conjugation rule which take the following form
P †
ab˙
= −Pba˙ , K†
ab˙
= −Kba˙ , J†ab = Ja˙b˙ , (J ij)† = J ji , D† = −D . (3.11)
(Qi
a
)† = −Qa˙i , (Qai)† = Qa˙i , (Sai)† = −Sia˙ , (Sai )† = S a˙i . (3.12)
The left invariant Cartan 1-forms in sl(2) ⊕ su(4) basis are defined by relation (2.15).
They satisfy the Maurer-Cartan equations implied by the structure of psu(2, 2|4) super-
algebra
dLab˙
P
= LD ∧ Lab˙P −
1
2
(Lac ∧ Lcb˙P + Lb˙c˙ ∧ Lac˙P )− iLaQi ∧ Lb˙iQ , (3.13)
dLab˙
K
= −LD ∧ Lab˙K −
1
2
(Lac ∧ Lcb˙K + Lb˙c˙ ∧ Lac˙K ) + iLaiS ∧ Lb˙Si , (3.14)
dLD = −Lab˙P ∧ LKab˙ −
1
2
La
Qi ∧ LiSa −
1
2
La˙i
Q
∧ LSa˙i , (3.15)
dLij = L
i
n ∧ Lnj − LaQj ∧ LiSa + La˙iQ ∧ LSa˙j − Tr in i, j , (3.16)
dLa˙i
Q
=
1
2
LD ∧ La˙iQ −
1
2
La˙
b˙
∧ Lb˙i
Q
+ Lij ∧ La˙jQ + iLba˙P ∧ LiSb , (3.17)
dLa
Qi =
1
2
LD ∧ LaQi −
1
2
Lab ∧ LbQi − Lj i ∧ LaQj + iLab˙P ∧ LSb˙i , (3.18)
dLai
S
= −1
2
LD ∧ LaiS −
1
2
Lab ∧ LbiS + Lij ∧ LajS − iLab˙K ∧ LiQb˙ , (3.19)
dLa˙
Si = −
1
2
LD ∧ La˙Si −
1
2
La˙
b˙
∧ Lb˙
Si − Lj i ∧ La˙Sj − iLba˙K ∧ LQbi , (3.20)
where the Tr in (3.16) respects the condition dLii = 0. There are Maurer-Cartan equa-
tions for dLab and dLa˙b˙ but we do not need them in what follows. Hermitean conjugation
rules for Cartan 1-forms take the form1
Lab˙∗
P ,K = L
ba˙
P ,K , L
∗
D
= LD , L
i∗
j = −Lj i , Lab∗ = −La˙b˙ , (3.21)
(La
Qi)
† = La˙i
Q
, (LQai)
† = −Li
Qa˙
, (Lai
S
)† = La˙
Si , (L
i
Sa
)† = −LSa˙i . (3.22)
1For fermionic coordinates we assume the convention (θ1θ2)
† = θ†
2
θ
†
1
, θ1θ2 = −θ2θ1, while for
fermionic Cartan 1-form we adopt (L1 ∧ L2)† = −L†2 ∧ L†1, L1 ∧ L2 = L2 ∧ L1.
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The above relations are valid for arbitrary parametrization of supercoset space. To
represent Cartan 1-forms in terms of bosonic and fermionic superstring coordinate fields
we fix the coset representative to be
G = gx,θ gη gy gφ , (3.23)
where
gx,θ = exp(x
ab˙P
ab˙
+ θaiQ
i
a
− θa˙iQa˙i) , gη = exp(ηaiSai − ηa˙i Sia˙) , (3.24)
and gφ and gy depend on AdS5 radial coordinate φ and S
5 coordinates yA
′
respectively2
gy = exp(y
i
jJ
j
i) , gφ = exp(φD) . (3.25)
The xab˙ and yij are expressible in terms of the coordinates along boundary directions x
a
and S5 coordinates as follows
xab˙ =
1√
2
(σa)ab˙xa , yij =
i
2
yA
′
(γA
′
)ij , x
ab˙∗ = xba˙ , yi∗j = −yj i . (3.26)
From these definitions it follows that xab˙ and fermionic coordinates θ, η transform in
appropriate representations of sl(2) ⊕ su(4) algebra. Plugging G (3.23) in (2.15) and
after relative straightforward calculation we get the Cartan 1-forms
Lab˙
P
= eφLab˙
P
, Lab˙
K
= e−φLab˙
K
, (3.27)
LD = dφ+
1
2
(ηaidθai + η
a˙
i dθ
i
a˙
) , (3.28)
Lij = (dUU
−1)ij + d˜θ
a
j η˜
i
a
− η˜a˙j d˜θ
i
a˙
− iLab˙
P
η˜
b˙j η˜
i
a
− Tr in i, j , (3.29)
La˙i
Q
= eφ/2U ijL
a˙j
Q
, La
Qi = L
a
Qj(U
−1)j ie
φ/2 , (3.30)
La˙i
S
= e−φ/2U ijL
a˙j
S
, La
Si = L
a
Sj(U
−1)j ie
−φ/2 , (3.31)
where the Tr in (3.29) respects the condition Lii = 0 and we use the notation
L
ab˙
P
= dxab˙ − i
2
(θai dθ
b˙i + θb˙idθai ) , (3.32)
L
ab˙
K
=
i
2
ηaidηb˙i +
i
12
(dθci −
i
4
L
cd˙
P
η
d˙i)(5η
j
c
ηai − ηi
c
ηaj − ηdiηj
d
δa
c
)ηb˙j + h.c. , (3.33)
2Splitting fermionic coordinates in θ and η was introduced in [18, 19] in the study of light-cone gauge
dynamics of superparticle in AdS5 × S5. Light-cone gauge superstring action in AdS5 × S5 written in
terms of these coordinates was found in [10]. In the context of brane dynamics these coordinates were
discussed in [20].
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L
a˙i
Q
= dθa˙i − iηi
b
L
ba˙
P
, La
Qi = dθ
a
i − iLab˙P ηb˙i , (3.34)
L
ai
S
= dηai +
1
4
(dθcj −
i
3
L
cd˙
P
η
d˙j)(η
j
c
ηai − 3ηi
c
ηaj + ηdjηi
d
δa
c
)
+
1
2
(dθc˙i − i
3
ηi
b
L
bc˙
P
)ηc˙jη
aj . (3.35)
The θ˜ and d˜θ are defined by
θ˜a˙i ≡ U ijθa˙j , θ˜ai ≡ θaj(U−1)j i , (3.36)
d˜θa˙i ≡ U ijdθa˙j , d˜θai ≡ dθaj(U−1)ji , (3.37)
and similar ones for η. Hermitean conjugation in (3.33) should be supplemented by
a↔ b. The matrix U ∈ SU(4) is defined in terms of the S5 coordinates yij (or yA′, see
(3.26)) by U ij = (e
y)ij. It can be written explicitly as
U = cos
|y|
2
+ iγA
′
nA
′
sin
|y|
2
, |y| ≡
√
yA′yA′ , nA
′ ≡ y
A′
|y| . (3.38)
Because fermionic coordinates defined by (3.23) trasform covariantly the 1-forms defined
in (3.34),(3.35) also transform covariantly under SU(4). On the other hand because
the matrix U ij does not transform covariantly under SU(4) group the Cartan 1-forms
defined by (3.30),(3.31) also do not transform covariantly under this group. Below we
will demonstrate that superstring action can be expressed entirely in terms of η and
1-forms given by (3.34),(3.35) and this explains why the superstring action can be put
into manifestly SU(4) covariant form.
4 Manifestly SL(2, C)× SU(4) invariant form of
superstring action
Plugging the expressions for Cartan 1-froms (3.27)-(3.31) into expressions for kinetic and
WZ terms (2.16),(2.17) we can represent the superstring Lagrangian in terms of string
coordinate fields. Let us start with kinetic term Lkin. Contribution of AdS5 part in Lkin
has manifest SL(2, C)×SU(4) invariance from the very beginning. In order to transform
contribution of S5 part into desired form we notice that LA
′
given by (2.9) and (3.29)
can be cast into the form
LA
′
= eA
′
A
(dyA − dθai (VA)ijηja + ηa˙i (VA)ijdθja˙ + iLab˙P ηb˙i(VA)ijηja) , (4.1)
where eA
′
A
are components of S5 vielbein eA
′
= eA
′
A
dyA:
GAB = e
A′
A
eA
′
B
, eA
′
A
=
sin |y|
|y| (δ
A′
A
− nAnA′) + nAnA′ , (4.2)
and (VA)ij are the components of the Killing vectors (VA)ij∂yA of S5 (∂yA = ∂/∂yA).
The GAB is metric tensor on S
5 in the coordinates yA defined by coset representative gy
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(3.25),(3.26). The (VA)ij∂yA satisfy the so(6) ≃ su(4) commutation relations (3.2) and
may be written as
(VA)ij∂yA = 1
4
(γA
′B′)ijV
A′B′ +
i
2
(γA
′
)ijV
A′ , (4.3)
where V A
′
and V A
′B′ correspond to the 5 translations and SO(5) rotations respectively
and are given by
V A
′
=
[
|y| cot |y|(δA′A − nA′nA) + nA′nA
]
∂yA , V
A′B′ = yA
′
∂yB′ − yB
′
∂yA′ . (4.4)
They satisfy the so(6) algebra commutation relations given in (B.1),(B.2). Here δA
′
A is
Kronecker delta symbol and we use the conventions: yA = δAA′y
A′, nA = δAA′n
A′, nA = nA.
Note that while deriving (4.1) we use the relation
(U †γA
′
U)ij = −2ieA′A (VA)ij . (4.5)
The LA
′
LA
′
can be put into the manifestly SU(4) invariant form by changing the coor-
dinates from yA
′
to the 6d unit vector uM (M = 1, ..., 6):
uA
′
= nA
′
sin |y| , u6 = cos |y| , uMuM = 1 , (4.6)
and noticing the following important relation
LA
′
LA
′
= DuMDuM , (4.7)
where
DuM = duM − dθai (RM)ijηja + ηa˙i (RM)ijdθja˙ + iLab˙P ηb˙i(RM)ijηja , (4.8)
RM ≡ −1
2
ρMNuN . (4.9)
To derive (4.7) we used the identities
GAB(λVAθ)(ϑVBη) = (λRMθ)(ϑRMη) , GAB(λVAθ)dyB = (λRMθ)duM , (4.10)
where expressions like (λVAθ) stand for λi(VA)ijθj . Making use of these relations we get
the following manifest SL(2, C)× SU(4) invariant representation for kinetic term
Lkin = −1
2
√
ggµν(Lˆab˙µ Lˆνab˙ +DµφDνφ+Dµu
MDνu
M) , (4.11)
where
Dφ ≡ dφ+ 1
2
(ηaidθai + η
a˙
i dθ
i
a˙
) . (4.12)
Note that by changing the coordinates from φ, uM to ZM defined by
ZM = e−φuM , (4.13)
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we can cast the kinetic term (4.11) into another manifest SL(2, C) × SU(4) invariant
form given in (1.2).
We proceed now to the WZ three form. To transform the WZ term into desired form
we use the standard trick of rescaling η → ηt ≡ tη (note that we do not rescale θ)
H = Ht(t = 1) , Ht = H(ηt) . (4.14)
Then one has the obvious relation
H = Ht=0 +
∫ 1
0
dt ∂tHt . (4.15)
Note that shifting η → tη in coset representative (3.23) and then setting t = 0 corre-
sponds to chosing S gauge, i.e. Ht=0 is nothing but WZ three form in S gauge. Its
contribution to LWZ has been already find in [5, 6, 10] (note we use convention of [10],
where the details of deriving Ht=0 may be found) and is given by
fLWZ|t=0 = ieφdθa˙iyijdθja˙ + h.c. , (4.16)
where
yij ≡ ρMij uM . (4.17)
To derive (4.16) we used the relation UTC ′ = C ′U and the representation for charge
conjugation C ′ij matrix and SO(5) Dirac γ matrices given by (A.10) which together with
(3.38) gives the following important relation
(C ′U2)ij = yij . (4.18)
The relation (4.18) expresses the fact that though neither C ′ matrix or U matrix do not
transform covariantly under SU(4) their special combination (4.18) transforms covari-
antly under SU(4). Now we consider contribution of the second term in (4.15). Making
shift η → tη in (3.23) and using (2.15) we get the following equations
∂tL
ab˙
K
= −iLb˙
Si
˜˜ηai − iLai
S
˜˜ηb˙i , (4.19)
∂tLD =
1
2
La
Qi
˜˜ηi
a
+ h.c. , ∂tL
i
j = L
a
Qj
˜˜ηi
a
− 1
4
δijL
a
Qn
˜˜ηn
a
− h.c. , (4.20)
∂tL
a˙i
Q
= iLba˙
P
˜˜ηi
b
, ∂tL
ai
S
= d˜˜ηai +
1
2
LD˜˜η
ai +
1
2
Lab˜˜η
bi − Lij ˜˜ηaj , (4.21)
where
˜˜ηai ≡ e−φ/2U ijηaj , ˜˜ηai ≡ ηa˙j(U−1)j ie−φ/2 , (4.22)
and we assume that in expressions for Cartan 1-forms in (4.19)-(4.21) all η are shifted
η → tη. Hermitean conjugation in ∂tLij in (4.20) should be supplemented by i↔ j. Now
making use of (2.17), formulas (4.19)-(4.21) and Maurer-Cartan equations (3.13)-(3.20)
we find
∂t(fHq) = d
[
−2iLˆab˙˜˜ηi
a
C ′ijL
j
Qb˙
− LD ˜˜ηaiC ′ijLjSa + ˜˜η
ai
((C ′L)ij − (C ′L)ji)LjSa
]
, (4.23)
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where Hq ≡ HqAdS5 +HqS5 . Making use of formula (4.23) and the relation
(UT (C ′L)U)ij − (i↔ j) = DuMρMij , (4.24)
where (C ′L)ij is defined by (2.20) we get finally the desired manifest SL(2, C)× SU(4)
representation for LWZ
fLWZ = ieφdθa˙iyijdθja˙ +
∫ 1
0
dt[2Lˆab˙ηi
a
yijL
j
Qb˙
− ie−φLDηaiyijLjSa + ie−φηaiDyijLjSa
]
+ h.c.
(4.25)
where Dyij = ρ
M
ij Du
M and DuM is defined by (4.8). In terms of coordinates ZM defined
by (4.13) we can cast this LWZ into the form given by (1.3).
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Appendix A Notation
In the main part of the paper we use the following conventions for the indices:
A,B,C = 0, . . . , 4 so(4, 1) vector indices (AdS5 tangent space indices)
A′,B′,C′ = 1, . . . , 5 so(5) vector indices (S5 tangent space indices)
a, b, c = 0, . . . , 3 boundary Minkowski space indices
A,B, C = 1, . . . , 5 S5 coordinate space indices
M,N,K, L = 1, . . . , 6 so(6) vector indices
i, j, k, n = 1, . . . , 4 su(4) vector indices
α, β, γ = 1, . . . , 4 so(4, 1) spinor indices
a, b, c; (a˙, b˙, c˙) = 1, 2; (1˙, 2˙) sl(2, C) spinor indices
µ, ν = 0, 1 world sheet coordinate indices
Note that we identify the su(4) vector indices i, j, k, n with so(5) spinor indices. We
decompose xa into the light-cone and 2 complex coordinates: xa = (x+, x−, x, x¯)
x± ≡ 1√
2
(x3 ± x0) , x, x¯ = 1√
2
(x1 ± ix2) . (A.1)
We suppress the flat space metric tensor ηab = (−,+,+,+) in scalar products, i.e.
AaBa ≡ ηabAaBb. The world-sheet Levi-Civita ǫµν is defined with ǫ01 = 1.
We use the following decomposition of so(4, 1) Dirac γA and charge conjugation Cαβ
matrices in the sl(2) basis
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(γa)αβ =
(
0 (σa)ab˙
σ¯a
a˙b
0
)
, γ4 =
(
1 0
0 −1
)
, Cαβ =
(
ǫab 0
0 ǫa˙b˙
)
, (A.2)
where the matrices (σa)aa˙, (σ¯a)a˙a are related to Pauli matrices in the standard way
(σa)aa˙ = (1, σ1, σ2, σ3) , (σ¯a)a˙a = (−1, σ1, σ2, σ3) . (A.3)
Note that σ¯a
a˙b
= σa
ba˙
= σa∗
ab˙
where σa
aa˙
≡ (σa)bb˙ǫbaǫb˙a˙. Sometimes we use the relation
(σa)aa˙(σa)bb˙ = 2ǫabǫa˙b˙ . (A.4)
We use the following conventions for the sl(2) indices: ǫ12 = ǫ
12 = −ǫ1˙2˙ = −ǫ1˙2˙ = 1 ,
ψa = ǫabψb , ψa = ψ
bǫba , ψ
a˙ = ǫa˙b˙ψ
b˙
, ψa˙ = ψ
b˙ǫ
b˙a˙
. (A.5)
Note that (ǫab)∗ = −ǫa˙b˙. We use the notation
(σab)ab = (σ
ab)cbǫca , (σ¯
ab)
a˙b˙
= (σ¯ab)a˙
c˙ǫ
c˙b˙
, (A.6)
where
(σab)ab ≡ 1
2
(σa)ac˙(σ¯b)c˙b − (a↔ b) , (σ¯ab)a˙b˙ ≡ 1
2
(σ¯a)a˙c(σ
b)cb˙ − (a↔ b) . (A.7)
Note that (σab)ab = (σ
ab)ba, (σ
ab)∗
ab
= (σ¯ab)
a˙b˙
.
The six matrices ρMij represent the SO(6) Dirac matrices γ
M in the chiral represen-
tation, i.e.
γM =
(
0 (ρM)ij
ρMij 0
)
, (A.8)
(ρM)ikρNkj + (ρ
N )ikρMkj = 2δ
MNδij , ρ
M
ij = −ρMji , (ρM)ij ≡ −(ρMij )∗ . (A.9)
The SO(5) Dirac and charge conjugation matrices can be expressed in terms of the ρM
matrices as follows
(γA
′
)ij = i(ρ
A′)ikρ6kj , C
′
ij = ρ
6
ij . (A.10)
The ρM matrices satisfy the identities
ρMij =
1
2
ǫijkn(ρ
M)kn , ρMij (ρ
M)kn = 2(δni δ
k
j − δki δnj ) . (A.11)
The matrices ρMN are defined by
(ρMN)ij ≡ 1
2
(ρM )ikρNkj − (M ↔ N) , (A.12)
so that
(ρMN)ij(ρ
MN)kn = 2δ
i
jδ
k
n − 8δinδkj . (A.13)
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Appendix B Transformation of psu(2, 2|4) superal-
gebra from so(4, 1) ⊕ so(5) to sl(2, C) ⊕
su(4) basis
We start with the commutation relations of psu(2, 2|4) superalgebra in so(4, 1)⊕ so(5)
basis given in [2]
[PˆA, PˆB] = JˆAB , [PA′ , PB′] = −JA′B′ , (B.1)
[JˆAB, JˆCE ] = ηBC JˆAE + 3 terms, [JA
′B′, JC
′E′ ] = ηB
′C′JA
′E′ + 3 terms , (B.2)
[Q
I
, PˆA] = − i
2
ǫ
IJ
Q
J
γA , [QI , JˆAB] = −
1
2
Q
I
γAB , (B.3)
[Q
I
, PA′] =
1
2
ǫ
IJ
Q
J
γA′ , [QI , JA′B′] = −
1
2
Q
I
γA′B′ , (B.4)
{QαiI , QβjJ} = δIJ [−2iC ′ij(CγA)αβPˆA + 2Cαβ(C ′γA
′
)ijPA′]
+ ǫ
IJ
[C ′ij(Cγ
AB)αβJˆAB − Cαβ(C ′γA′B′)ijJA′B′] . (B.5)
where ǫ12 = −ǫ21 = 1, γAB = 12γAγB − (A↔ B). Unless otherwise specified, we use the
notation QI for QIαi and QI for QIαi, where
QIαi ≡ QJβjδJICβαC ′ji . (B.6)
Hermitean conjugation rules in this basis are
Pˆ †A = −PˆA , P †A′ = −PA′ , Jˆ†AB = −JˆAB , J†A′B′ = −JA′B′ , (B.7)
(QIβi)†(γ0)βα = −QIβjCβαC ′ji . (B.8)
The transformation of the bosonic generators into the conformal algebra basis are given
by formulas (2.6) Let us describe transformation of fermionic generators. First we intro-
duce the new “charged” super-generators
Qq ≡ 1√
2
(Q1 + iQ2) , Qq¯ ≡ 1√
2
(Q1 − iQ2) . (B.9)
We shall use the simplified notation
Qαi ≡ −Qqαi , Qαi ≡ Qqαi . (B.10)
Then the non-vanishing values of δIJ (ǫIJ , ǫ12 = 1) become replaced by δqq¯ = 1 (ǫqq¯ = i)
and the Majorana condition takes the form (Qβi)†(γ0)βα = Qαi. The relation (B.6) and
(B.10) give
Qq¯αi = −QβjCβαC ′ji . (B.11)
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We then decompose the supercharges in the sl(2)⊕ su(4) basis
Qαi =

 2iv−1Qai
2vSi
a˙

 , Qαi = (2vSai,−2iv−1Qa˙i ) , v ≡ 21/4 . (B.12)
In terms of these new supercharges the commutation relations take the form given in the
Section 3.
Now let us consider the fermionic 1-forms. They satisfy hermitean conjugation rule
(LIβi)†(γ0)βα = L
IβjCβαC
′
ji. (B.13)
and we use the notation LIαi ≡ LJβjδJICβαC ′ji. Let us define
Lq ≡ 1√
2
(L1 + iL2) , Lq¯ ≡ 1√
2
(L1 − iL2) , (B.14)
and introduce the notation Lαi = Lqαi, Lαi = Lqαi. These relations give
Lαi = L
q¯βjCβαC
′
ji . (B.15)
We use then the following decomposition into sl(2)⊕ su(4) Cartan 1-forms
Lαi =
1
2

 v−1LaiS
ivLi
Q a˙

 , Lαi = 1
2
(−ivLQ ai, v−1La˙Si) . (B.16)
Hermitean conjugation rules for the new Cartan 1-forms in sl(2)⊕ su(4) basis take then
the form given in (3.22). The above relations lead to the decomposition LIαiQIαi =
LαiQαi − LαiQαi which in terms of sl(2) ⊕ su(4) notation takes the form given in the
second line in (2.15).
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